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1-1 First Quantization

A. LINEAR ALGEBRA OF SCHRODINGER WAVE
MECHANICS

(1) Review of Schrodinger wave mechanics
I. Time-independent Schrédinger equation

ﬁlpn(x) = Yn(x) = Enpr(x)

where the Hamiltonian operator # is a Hermitian differential

operator,
[ (#9.0) v ax = [0 (Runw) ax
and the eigenfunctions i, are orthonormal,

fw:n(x)wn(x) dx = 8mn

Any wavefunction can be written as a linear combination of

A2
2 v
2m

eigenfunctions ¥, (x), i.e.,

W) = ) entha), where 6 = [PV dx

n
II. Born rule and Heisenberg's uncertainty principle

AxA >h
xhp = 2

I. Abstract of Schrédinger wave mechanics
1. Vector space V
(A basis is a set of linearly independent wavefunctions that spans
the vector space.)
A basis {lpn (x)} allows any wavefunction ¥ (x) to be expanded:

Y = ) enth0)

n

L
{1, ()}

2. Dual space ¥
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(The dual space is defined automatically for any vector space.)
The complex conjugate of Y, form a basis {l[),*, (x)} of a vector
space V, called dual space.

L%
{n ()}

Note: 1, (x) and ¥, (x) are independent.

. Inner product

(A particular mapping between vector space and dual space and
is not automatic.)

J.ool/)*(x)l/)’(x) dx = c-number

<jooll’*(X)llJ'(x) dx) = fmzp’*(x)zp(x) dx = c-number

Complete
Since

W) = ) catha(), where ¢ = [P0 dx

n

= [ dx i@

= [ D G wer dx

=§(x—x")

we obtain

A completeness relation for a set of eigenfunctions is the identity
assuring that there is no basis function "missing".
= If the vector space has an appropriate inner product and is
complete, we call it a Hilbert space H.
Operator H
An operator H is a mapping acting on the vector space.
Hip, (x) = Eqipy, (x) - eigenvalue equation
where ¥, are orthonormal and E,, are real.
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Abstract of the uncertainty principle
h

1 O 2 —_—
Axdp = S |([2,£])] =5

The Hermitian operators £ and p satisfy the commutation relation,
[, 7] = in

DIRAC NOTATION

Algebraic isomorphic Hilbert space
Hilbert space of Schrodinger's mechanics:

uncertainty
principle
AxAp = h/2

abstract
>

[£,4] = ih

Hl
{1, ()}

abstract

ﬁ’\bn (x) = Enwn(x) — YPx) = chwn (x)

n

Dirac invented a useful alternative notation for the Hilbert space which
is now referred to as Dirac notation (or called bra-ket notation).

Hyp
{l¥n)} [%,p9] = ih

Dirac notation enables us to do calculations in a general Hilbert space
without needing to worry about the space's representation.

(2) Hilbert space in Dirac notation

1. Ket space (vector space)
A%
{ln)}

|v,bn) are the basis of the ket space.
2. Bra space (dual space)

—

v
{Wn}
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Note: (1/)n| = |1/)n)T and |l/)n) are independent.
3. Inner product (expectation)
(l,bn|l,b) = c-number
4, Completeness relation
Since

where ¢, is the coefficient and given by

(Walt) = > o (n[Yim) = cn =+ (1)

m =6nm

Insert equation (b) into equation (a) to obtain

)= D (Walwdtn) = D lndatn] ) ()

n
Thus, we have

D waal = 1

which is also called the resolution of identity.

(3) Hermitian operator (the operator is its own complex conjugate)
it =24
Its eigenvalue equation is given by:
A|lpn) = Anwjn)
The eigenvalues are real:
An =y
The eigenkets are orthonormal:
(Walbe) = O B = {é oK
Since |1/;n) are orthonormal, i.e., |1,bn> are linear independent, thus |1,bn)
form a basis of a Hilbert space H.

(4) Projection operator

Pn = |l/)n)<l/)n|

outer product
of eigenket

and P, satifies the following property:
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|l/)n) <¢n| |¢n>(¢n| - |l/)n)<l/)n| -

Commutator
The Hermitian operators ¥ and p satisfy the commutation relation,
[ ] Xp — pxX =ih

UNITARY TRANSFORMATION

For a Hilbert space H, there are many possible sets of basis as

{1¥n)} = {IU’JH)} {lén)}

Between any two such sets of basis, there exists a linear transformation
that preserves inner product (and hence length), known as a unitary
transformation.

A unitary transformation is equivalent to a change of basis
Consider two sets of basis {|zpn)} and {ld)n)},

h) [¥2)

|$1)

[¥1)
where the relationships between two bases are
|¢1> = allllpl) + 021|¢2> + et an1|¢n)
|¢2> = allepl) + azzl'l’z) + et an2|¢n) or |¢n> — Z W |¢,m>

) = Gan|th1) + zn[2) + -+ ) "

We have, in the matrix form,

|¢1) ai; dz1 ° Qpa |¢1)
|62) | = [ P12 G227 Gnz | o)
|¢n> Ain  A2n  ° Qpn h[;n)
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We then write the relationships in the Dirac notation:

|¢1> |1/)1> A1 Qzp *t Qpa
92| 510y, | 92 | 5wy, ana | 932 @22 %2 ) g
) ) Un Qon Oy
and obtain
|®) = UT|¥)
H
Since
(@|P) = (P|0TT|¥) = (P|¥)
we obtain

00t =1= 0% =0
Thus, U is a unitary operator that maps one basis set to the other.

A similarity transformation is equivalent to a change of operator
Consider an operator A acting on the ket |W) in the basis “l/)n)},

¥’y = A|W)
Since

|®'y = UT|W') = OA|¥) = UTAU| D)
The operator A in the basis {lll)n>} is equal to the operator UTAU in the
basis {|¢n)}
Let

PN —~

B=U0tAU - similarity transformation

If 4 is diagonalizable, then B is diagonalized, i.e., B = D, and then we
obtain

D =UtAU
Recall the basic linear algebra, the matrix U that diagonalizes A has
the eigenvectors of v, as its columns:

U=(V1 V2 = Vy)
Then we obtain
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A=U-D- Ut

A 0 0 - v;r
0 2 o - vt
=(Vi V, V3 - 2 2
T ] R |

Alv;r

.l.
=(Vi Vp V3 ) A2V,

A3v;r
= z )lnvnv;
n

In Dirac notation:

A= )]

where |¢n> are the eigenkets of the Hermitian operator A. Thus, 4 is
expanded in its spectrum A, by projection operators |¢n)<¢n|, called
spectral representation.
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1-2 Propagation
PROPAGATOR

Consider a particle that is going to move from (r',t") to (r,t)
@
't Tt
The probability of finding a particle at position r at time t is
[P (r, ) = (r|P ()7,
where |W(t)) = U(t, t")|¥(t")) is a state evolving in time and U(t,t") is
the time evolution operator.

Thus, we obtain
Y(r,t) = (r|¥ ()
= (r|0(t, tHW(t")

=(r|U(tt") Jlr’)(r’l dr' |¥(t"))
1

f (T )y (9 () dr

:fKﬁxnﬂfﬁwfmﬁdW

where K(r,t;r’,t") is referred to as the propagator.

K(r,t;r',t") = (r|l7(t, t’)|r’) illustrates that the wavefunction at r and
t is determined by the wavefunction at the original time t’, receiving
contributions from all " which are weighted by the amplitude K.

TIME-EVOLUTION OPERATOR U(t, t")

Assume that time is a continuous parameter

lim [¥ () = lim It t) W) =weE)=0¢,t)=1
Since

W) =06 OME)

@) =0(t, t;)|¥(t1)) = O(t, t1) U (1, £") W)
we obtain

o, t)=0(¢ tl)U(tl,t'), fort >t; >t decomposition
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(2) Solve U(t,t") from the equation of motion:
d Ut +et)—-0(,t
—U(t ) = lim ( )—U(t,t)

Since U(t+e t") = U(t+6 t)U(t t"),

Ut +et)Utt)—Ut,t)

6 U l
- 0(t,t") = lim

[U(t +€t) — 1]U(t t"

e—>0 €
The infinitesimal time evolution of the operator U(t + €,t) describes

dynamical evolution under the influence of the Hamiltonian H(t) as,
~ ~ i~ A ~ 0
Ult+et)=U0(t) —EH(t)U(t,t)e =1 —;L-H(t)e

(O N
—EH(t)U(t, t")

o_
35;U(t,t)—£l£l’(l)

Integrate with respect to time on both sides

ftt;_U(tl,t )dt, = ——f A(t)0(ty, t") dty

!

it tH)-1= _Ef A(t)U(ty,t") dty
Ut t)=1 _EJ A(t)0(ty,t") dty

Iterate:

u(t, t)_1—ﬁf A(ty)dt,

t
1——f1ﬁ@gﬁ@bﬂyu4
n).
g R i 2 t t1 _
=1——'f H(t1) dtl+(__'> fH(t1) dt1f H(t;)0(t,,t") dt,
h ¢ h t! t’

Re-iterate:
i 2 t t1
e t)=1 ——-f H(ty)dt + <_?i> f A(ty) dtlf H(ty)dt, +
t! t!
where t > t; >ty > > t'.

Considering the dummy variables t; and t,, the integral can be
rewritten into a compact form
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t ty
fﬁ(tl) dtlf ﬁ(tz) dtz
t 1 tAt . .
zzj H(t1)dtlj A(t,) dt, + jH(tZ)dtzf A(ty)d,
Lt At .
= EJ, J,H(tl)H(tz)dtldtZG)(tl 1)
tl t . tA i
+§JﬂJNH(Q)H(q)deq@(Q__H)
t! Jt!

t, >t

t; <t,

Let T be the time ordering operator,
e N AH(t)A(t,), ifg>t,
T[A()A(E)] = A(t)H(t), ift; >t

t ty 1 rt (¢
j A(ty) dt1f A(t,)dt, = Eft ft T[H(t,)A(t,)] dtidt,
t/ t! rJe!

Pictorially, the area of integration is

ty

where 0(t; — t,) = {(1)'

t

t' t  t
Thus, we obtain

t
[ [Catuae =2 [ [Tttt =% [ [Tt arae
t’t t! t' Jt! t' Jt!
f f dtldtzdt3— f f f ] dt,dt,dts
t! Je! t! Je! Jt!
L[ [ aaraae,
t! Je! Jt!

t rtq t:N
j J ”'J dtl dtN —_ _f f f dtl dtN
t! Je! t! t’ Jt! t!
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;oet 1 N2 rt ot
owin=1-1[ ﬁ(tl)dt1+—<—i> [ [AA@) A atde, +-
h t, 2! h t, t,

~ it
=T [exp (— —-J H(tl) dt1>]
hJa
C. SCHRODINGER PICTURE AND HEISENBERG PICTURE

(1) Properties of the time-evolution operator U(t,t")

Since

U, tHoit',t)=0(t) =1
we obtain

U1t t)=U(t',t) - time-reversal
Since

(POIP®) = (YT, tHT L, H]P(E)) = (PEDIP(E))
we obtain

Ut e, tH) =1

= U1t t) =0, t") unitary

= UM, t) =01 t") =0t

H
{w®)}
A

U, t")

H
I

(2) The time evolution of the expectation value is preserved by similarity
transformation when a change of basis is made (unitary

transformation).
(POIAP @) = (P(OITT®AT®)IW(0)) = (P(0)IAD)|W(0))
Schrédinger picture Heisenberg picture
COMMENTS:

The time evolution of the expectation value
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(POIAY®) = (PO)IADIW(0))
Schrédinger picture Heisenberg picture
Schrddinger picture:

The time-dependent state is given by the unitary transformation.
W) = T(®)|¥(0))

Heisenberg picture:

The time-dependent operator is given by the similarity

transformation.

A) = TN (AT

EXAMPLES:
1. Harmonic oscillator

— a1
H=hw <aTa+§>

U(t) = p—iHt/h

G500 = = [, 7] =~ £/ a, R~
% ate) = _%[df(t)’ A] = _%eiﬁt/h[a-l-’ Ae~ifit/n

Since [d, ﬁ] = hwd and [d*, ﬁ] = —hwat
Z;%a(t) = —iwet/hge=Ht/h = —iwa(t) = a(t) = e"“ta
;ld; at(t) = iwe!ft/hgte-tAt/h = jpat(t) = al(t) = elwtat
2(t) = T (@@ +a@)

= X coswt + —sinwt
mw

mwh
p(t) = i\ﬁ;— (dT(t) — d(t)) = P cos wt — mwX sin wt
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1-3 Feynman Path Integral

A. PATH INTEGRALS IN QUANTUM MECHANICS

(1) The propagation of a free particle from (x',t") to (x,t)

it - a2 (t-t' P2 (t—t’
U, t) = o il Adty _ e_i(—h ) =e” Z(mh )
K(x, t;x',t") = (x|U(t, t)]x")
ﬁz t—t'
= (xle ~2mh |x )
P2 (t-t")
— (el T2 jlp (p] dp 1x")

1
p p?(t=t") gipx/h o—ipx /h
—fe —2mh —
V2rh \/—7_rh
1 i(t-t') , i(x—x")
= —_— 2mh p [ p
2mh ¢ dp

Using the Gauss integral

T

—ax?2 2

f e ax +bx dx = ’ eb /4a
—00 a

we obtain

F_E___ )
2mih(t — t")

(2) Alternatively, the propagator of a single particle can be decomposed by
dividing the time interval t — t’ into N infinitesimal pieces, i.e.,

K(, t;x',t") = (x|0(t, tn—1)U(tn-1, ty—z) - O(t1, ") |x")
Insert N — 1 resolutions of identity
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K(x, t;x',t") = (x|0(t, ty_1) J|XN—1>(XN—1| dxy—_q U(ty—1,ty—z)
1

x U(tyt;) f I Maea | doxg Ot £) 1)

~—_ — —

1
— [ oy ey 0t s Ywo) = | 0o, )l

= fde_l o d.xl K(.x, t, XN-1, tN—l) e K(xl, tl’ x,, t,)

t’ :to tl:E tN_l tN:t
The propagation from (x',t") to (x,t) can be viewed as the sum of all
paths that go through intermediate states on each time slice.

(3) The propagator on each time slice:
Let t' =ty and t = ty
In the infinitesimal time interval,

ty — t
—NW—OZE, ti—ti_1=¢€
the Hamiltonian can be considered as time-independent

A2

A= +v@
2m

— _iH-(ti=tiq) _ieA

U(ti, ti—l) =e h =e h
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_ied
K(xp tixi—q,tiog) = (xi|e 7 |x;_q)
ieH
= (1= 57+ 00 )

= (xi|xi_1) - z(xilﬁlxi—l) + 0(62)
Here

(xi|xioa) = 6(x; — xi-4) = _f __________ 2mh

i€ i€ P2 N
) =~ (s V(x)> [ oo )

S—
1

2
p.
(2 ) o)
. ) lplxl LELxl 1
le bi > €
= —— a— + V _____ d J
hf(Zm ( ) \2nh \/ﬁ Pi

4 2
__lef(pi 521_(_&__9_@_1) dp;
T h f <2m + V(xi)> € 2h

ipi(xi=xi-1) dp;
| O R Ee

Since 1 — %<§pl— +V(x )) +0(e?) =e h<2m+V(xl)>

we obtain

1 p
K(xl!tl'xl v ti- 1)___ e hizm

57k bi
) lpl(xl xl—l) lfp:i’_‘g:f_L_l) iepix;
Since e h =e h € =e
we obtain

1 l€< >
K(xu Lis Xi—1, ti— 1) _E_h e h 2m+V(xl) pi%; dp;

Y L 7
2wh |ie/2mh

’ __eh mle V("‘)>
2mihe
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“4)

®)

B.

M

m?
Let L(xl,x ) _—— V(x ) ----- Lagrangian

M Li)e
K (xi, ti;xi—lvti—l) = _ﬂﬁgeh (k)

The propagator for one "path"

N N
N/2 1L .
m = > L(xpxi)e
Kpatn = | | K(xi: ti;xi—lnti—l) = (———> ehztzi
i=1

2mihe
In the limit N — o0,€ — 0, the summation goes over to an integral
N
t
Z L(x;, %) e - f L(x, %) dt’
i=1 to
K. = (_Ln_)N/Z ef iy LOc)at!
path =\ 2 rihe

Summing over all "N- legged" paths

K(x t; xo,to) jr dx; K, path
f r'd (_ﬁ_)N/Z e%fftoL(x'x)dt’
2mihe

“N-1
m N/2
Let D[x(t)] = (———) —[ dx; - called measure
2mihe 1
1=
Since the action of a single particle system is

t
S[x(®)] =j L(x,x)dt’
t

0

we obtain

i
K(x, t; Xo, to) = _fD [X(t)] eﬁS[x(t)]
Feynman's conjecture: The propagator is the sum of all paths
connecting xo and x. Each path is assigned a weight ehs[x(t)]

PATH INTEGRALS IN STATISTICAL MECHANICS

The partition function of one-particle system is given by
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Z=TrePH = Z <n|e_3ﬁ|n>

n
where |n) are bases in the Hilbert space.
Inserting the resolution of identity

2=l f 1%)(x] dx e =P |n)

R ——

1
= [xtem81 Inpul 1) x
- 1

(2) Path integral representation in imaginary time 7 = it
dt
. dr
dv=1dt =14 00 dxdt  dx  [(dx)’ dx\>
dr dedr | ‘dt (d_t'> T (E)
Thus, the imaginary time evolution operator is
0(t,0) = e"t/h = J(z,0) = e~ A/t
Since the propagation of a free particle from (x,t) to (x,t), T is

—i

periodic with period fA on the interval T € (0, Bh) in the imaginary
time axis.
\ N\ A
t

AN

Thus, we have
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t t ox\?
iftOL(x,x) dt' = ijto %(a%) —v(x@)|at’
Bh 9
= ifo ) <a—:—> — V(x(r )) —idt")

B |m [ dx\?
:__[0 —2—(5;> +V(X(T’)) dt’

N/2 N-1
D[x(7)] = _m dx
2nprz) 1 177F
R x(Bh) _1 Br|m(9x +v "N az!
<x|e"”’|x>=f piscoe H F () e
x(0)
Let the action in the imaginary time as
Bh
sl = | [2(25) +vie|ar
x = 5\ 57 x(t T

We can obtain

x(Bh) x(Bh)
ff D[x(1)] e =Sx®1/h gy = jE D[x(®)] e—Skx(®]/h

x(0) x(0)
The symbol indicates the periodic boundary condition x(ﬁh) = x(0),

i.e., the partition function is thus a sum over all closed paths.

(3) The action of a harmonic oscillator in imaginary time

1
V(x) = Emwzx2
gh

pr ax\*> maw?x?
S[x(®)] = j L(x,x)dt" = <——> + ———1d7’
0 at’ 2

0
Since all possible paths satisfy the periodic boundary condition

x(Bh) = x(0), thus x(7) can be expanded in Fourier series as

2nn
x(1) = ay + Z(an CoSVnT + by sinvyt), v, = Ny

n=1
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[ee]
m 2| 42 cin2 2 e -
=3 V¥ | a5, sin® v, T + bj cos® v, T — 2a, b, sinv,, T cosv,T

n=1
oo oo
1 2 2 cin2
+Emw COS“ v, T + b sin® v, T
n=1 n=1

+ 2ay Z a, cosv,T + 2a, z b, sinv,t

n=1 n=1

+2 Z a, b, sinv,Tcosv,t
n=1

ph

P m [ 0x 2+ma)2x2 4’
N 2 \ot’ t

mw gh BR\ 1 [ Bh  Bh
== % <a,217-+b,21—2—>+§mw2 a%ﬁh+z<aﬁ 5 + bE — 5

n=1 n=1
Bhm 1w
= S @2ad +5 ) (Vi + 0?)(a + bR)
n=1
The partition function is
x(Bh)
Z= jg D[x(1)] e~ SIx®1/R
x(0)
_ fx(ﬁh)D[x(T)] —E—' w a()+ Z (Vn+(1)2)(a +bn)
x(0)

The integration over all possible paths can be done by integrating over
the Fourier coefficients a,, and b,,.

—— N-1 -1

m m 2
blx@l= \Lnﬁhzl_[(Znﬁhz) i
ﬂ ﬁhzdaon]ndandb
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where [, is the Jacobian.
The partition function becomes

fﬂhzfdaoﬂ]ndandb ST

In principle, we need to know the Jacobi determinant of the
transformation from the path integral to the integral over the Fourier
coefficients. Since this Jacobi determinant is independent of the
oscillator frequency w, we may also compare with the free particle.
First, we put w = 0 to btain the partition function of a free particle.

w? a0+ Z (vn w?)(a?+b3)

m - _Bm[§* vZ(a%+b3)
Zfree :\/;n_ﬁ?ffdao H]ndandbne 4 [anl
_ f m P
= |9 ph2 nop 77
27Tﬁfl i ﬁmvn

. m
Slnce Zfree = ETL'_,B?Z_

this leads the value of J, to be

pmvy
Jn =72

The partition function of a harmonic oscillator can be rewritten as

follows:

\/;_ﬁgz_f aonﬁ———dandb e ;"
jzn—ﬁfjﬁnzzjgﬂémv—"d by o B

[oe]
wladtg ) (vi+w?)(ah+bd)

R pmvi 4m 1
"~ prwl 1 4m BmVE + w?
n=
1 ﬁ VTZI

= > >

Phw L lvitw
_ 1 17 1

prol 1 (phw/2m)’

141
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Using the infinite product representation of the hyperbolic function
(o]

x? sinh x
[1(+5)-2
n X

n=1
we obtain
1 T X B_Zhg
Z= u
phw sinh (n X Ezi@)
T
_ 1
N ___?E_j
2 sinh ( >
e—Bhw/Z
= 1 — e—Phw
_ Z e—ﬁ(n+§)hw
n=0
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